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Let L(X) be the algebra of all bounded linear operators on an infi-
nite dimensional complex Banach space X . We characterize additive
continuous maps from L(X) onto itself which compress the local
spectrum and the convexified local spectrum at a nonzero fixed vec-
tor. Additive continuousmaps fromL(X)onto itself that preserve the
local spectral radius at a nonzero fixed vector are also characterized.
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1. Terminology and introduction
Throughout this paper, X will denote an infinite dimensional complex Banach space and L(X) the
algebra of all bounded linear operators on X with identity operator I. The local resolvent set of an
operator T ∈ L(X) at a point x ∈ X , ρT (x), is the set of all λ ∈ C for which there exists an open
neighborhood U of λ in C and an analytic function f : U → X such that (μ − T)f (μ) = x for all
μ ∈ U. The local spectrum of T at x, denoted by σT (x), is given by
σT (x) := C\ρT (x),
and is a compact subset of the surjectivity spectrum σsu(T) of T . The local spectral radius of T at x is
defined by
rT (x) := lim sup
n→+∞
‖Tnx‖ 1n ,
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and coincides with the maximum modulus of σT (x) provided that T has the single-valued extension
property. Recall that T is said to have the single-valued extension property if for every open subsetU of
C, the equation (T −λ)f (λ) = 0, (λ ∈ U), has no nontrivial analytic solution f on U. The convexified
local spectrum of T at x is given by
τT (x) := πT (x) ∩ σ(T);
where πT (x) is the intersection of all convex closed sets F ⊆ C for which x ∈ XT (F). Here XT (F)
denotes the glocal spectral subspace of T associated with F , that is, the set of all vectors x in X for
which there exists an analytic function f : C \ F → C such that (λ − T)f (λ) = e for all λ ∈ C \ F .
The notion of the convexified local spectrum, which plays a decisive role in the theory of spectral
inclusions that have interesting applications in harmonic analysis, constitutes an improvement of the
local spectral properties over discs, and leads to the local spectral radius formula
rT (x) = max{|λ| : λ ∈ τT (x)},
forwhich the corresponding result for the local spectrummaywell fail for operatorswithout the single-
valued extension property. We refer the reader to [1,11] for more details and basic facts concerning
the local spectral theory.
We will say that an additive map φ : L(X) → L(X) compresses the local spectrum at a fixed
nonzero vector e ∈ X if σφ(T)(e) ⊆ σT (e) holds for all T ∈ L(X) and expands (resp. preserves) the
local spectrum at e if the reverse set-inclusion (resp. the equality) holds.
In [8], González and Mbekhta characterized linear mappings on the algebra Mn(C) of all n × n
complex matrices which are local spectrum preserving at a fixed nonzero vector e ∈ Cn. They proved
that a linear map φ onMn(C) preserves the local spectrum at e if and only if there exists an invertible
matrix A in Mn(C) such that A(e) = e and φ(T) = ATA−1 for all T ∈ Mn(C). This result has been
extended to the infinite dimensional case by Bracˇicˇ and Müller [6], where they characterized continu-
ous surjective linear maps from L(X) into itself that preserve the local spectrum and the local spectral
radius at a nonzero fixed vector in X . In [4], the authors treated the problem of characterizing locally
spectrally bounded linear maps on the algebra L(H) of all bounded linear operators on a complex
Hilbert space H, and they described continuous linear maps from L(H) onto itself that compress the
local spectrum at a fixed nonzero vector inH. The surjective continuous linear mappings φ which are
local spectrum compressing at a nonzero vector in the Banach space setting were characterized under
the assumption that φ is unital (ie., φ(I) = I) [5].
In this paper, we completely describe, in the next section, additive continuous maps φ from L(X)
onto itself which are local spectrum compressing or expanding at a nonzero vector in X . The obtained
result in Theorem 2.1, which gives a local version of the main result of [10] which describes surjective
additive maps on L(X) that are spectrum compressing, extends the abovementioned results obtained
in the last cited papers [4–6] from the linear case to the additive case and without unitary assumption
even for the Banach space operators case. While, in the last section we characterize such maps φ that
are convexified local spectrum compressing (expanding) and the ones that are local spectral radius
preserving at a fixed nonzero vector in X . It should be pointed out that our proofs use some argu-
ments which are influenced by ideas from Bracˇicˇ and Müller [6], and rely on useful results on additive
spectral isometries and on additive maps compressing certain spectral functions on L(X) obtained
in [3,7,10].
2. Additive mappings compressing local spectrum
We first proceed by fixing some notation and terminology. The duality between the Banach spaces
X and its dual, X∗, will be denoted by 〈., .〉. For x ∈ X and f ∈ X∗, as usual we denote by x ⊗ f the
rank at most one operator on X given by z → 〈z, f 〉x. For T ∈ L(X)wewill denote by T∗ and σ(T) the
adjoint and the spectrum of T , respectively. A mapping A : X → Y is called (conjugate) linear if it is
additive and if there is a continuous ring homomorphism (ie., an identity or a complex conjugation)
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η : C → C such that A(λx) = ληA(x) holds for all scalars λ ∈ C and vectors x ∈ X (we have used
the abbreviation λη := η(λ)).
We will say that an additive map φ : L(X) → L(X) compresses and locally mirrors the local spec-
trumat afixednonzero vector e ∈ X if for each T ∈ L(X) there exists a continuous ringhomomorphism
ηT : C → C such that σφ(T)(e) ⊆ (σT (e))ηT , and expands and locally mirrors (resp. preserves and
locally mirrors) the local spectrum at e if the reverse set-inclusion (resp. the equality) holds.
The following is our main result. It extends [4, Theorem 3.1], [5, Theorem 4.1 and 4.2], and [6,
Theorem 3.3] to this more general scope. We do not require that our application ϕ must be unital.
Theorem 2.1. Let e be a fixed nonzero vector in X, and let φ be an additive continuous map from L(X)
onto itself. Then the following are equivalent:
(i) For each T ∈ L(X) there exists a continuous ring homomorphismηT : C → C such thatσφ(T)(e) ⊆
(σT (e))
ηT for all T ∈ L(X).
(ii) For each T ∈ L(X) there exists a continuous ring homomorphismηT : C → C such thatσφ(T)(e) ⊇
(σT (e))
ηT for all T ∈ L(X).
(iii) There exists a linear or conjugate linear bijective bounded operator A : X → X such that Ae = e,
and φ(T) = ATA−1 for all T ∈ L(X).
The proof of our main theorem uses several auxiliary lemmas. The first is quoted from Bracˇicˇ and
Müller [6, Lemma 2.2].
Lemma 2.2. Let e be a fixed nonzero vector in X, and let T ∈ L(X). If λ ∈ σsu(T), then for every ε > 0,
there exists T ′ ∈ L(X) such that ‖T − T ′‖ < ε and λ ∈ σT ′(e).
The following result is inspired by Bracˇicˇ and Müller [6].
Lemma 2.3. Let e be a fixed nonzero vector in X, and let φ be an additive continuous map from L(X) onto
itself. If φ compresses and locally mirrors (resp. expands and locally mirrors) the local spectrum at e, then
it compresses and locally mirrors (resp. expands and locally mirrors) the surjectivity spectrum.
Proof. Suppose that for each T ∈ L(X) there exists a continuous ring homomorphism ηT : C → C
such that σφ(T)(e) ⊆ (σT (e))ηT , and let us show that σsu(φ(T)) ⊆ (σsu(T))ηT for all T ∈ L(X). To
this end, pick an arbitrary T ∈ L(X) and λ ∈ σsu(φ(T)). By Lemma 2.2, for each integer n  1 there
exists an operator T ′n in L(X) such that ‖T ′n −φ(T)‖ < n−1 and λ ∈ σT ′n(e). Since φ is continuous and
surjective, by the Banach open mapping theorem there exists ε > 0 such that εB(0, 1) ⊆ φ(B(0, 1)),
where B(0, 1) denotes the open unit ball of L(X). Therefore, for each n there exists Tn ∈ L(X) such
that φ(Tn) = T ′n and ‖Tn − T‖  ε−1‖T ′n − φ(T))‖  ε−1n−1. Thus Tn → T and λ ∈ σφ(Tn)(e) ⊆
(σTn(e))
ηTn , and in particular λ ∈ (σsu(Tn))ηTn for all n  1. Hence σsu(φ(T)) ⊆ (σsu(Tn))ηTn for all
n  1. On the other hand, again by the Banach openmapping theoremand by applying [9, Propositions
6.9 and 9.9] to the set of all surjective operators on X one can see that the surjectivity spectrum
is an upper semi-continuity function. Therefore, passing to a subsequence we may assume that the
continuoushomomorphismsηTn are independentofn, and in the limit,wegetσsu(φ(T)) ⊆ (σsu(T))ηT ,
as desired.
Conversely, assume that for each T ∈ L(X) there exists a continuous ring homomorphism ηT :
C → C such that σφ(T)(e) ⊇ (σT (e))ηT . In order to complete the proof, pick an arbitrary operator
T ∈ L(X) andλ ∈ σsu(T). Lemma 2.2 ensures that there exists a sequence (Tn)n1 ⊂ L(X) converging
to T such thatλ ∈ σTn(e) for alln  1. Aneasy consequenceof this is the fact thatλ ∈ (σsu(φ(Tn)))η
−1
Tn ,
and thus σsu(T) ⊆ (σsu(φ(Tn)))η−1Tn for all n  1. Form this together with the continuity of φ and
the upper semi-continuity of the surjectivity spectrum, we infer that (σsu(T))
ηT ⊆ σsu(φ(T)); which
completes the proof. 
The above result allows to get
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Corollary 2.4. Let e be a fixed nonzero vector in X, and let φ be a continuous additive map from L(X)
onto itself. If φ compresses (resp. expands) the local spectrum at e, then it compresses (resp. expands) the
surjectivity spectrum.
The following, proved in [8] when A is linear, is simple and its proof is straightforward. We include
it for the sake of completeness.
Lemma 2.5. Let e be a fixed nonzero vector in X. For a linear or conjugate linear bijective bounded operator
A : X → X, the map φ : T ∈ L(X) → ATA−1 ∈ L(X) preserves and locally mirrors the local spectrum at
e if and only if Ae = λe for some λ ∈ C.
Proof. We shall only deal with the case when A is conjugate linear. Let T ∈ L(X) and λ ∈ ρT (e).
So, there exist an open neighborhood U of λ in C and an analytic function f : U → X such that
(μ − T)f (μ) = e for all μ ∈ U, and thus
(μη − ATA−1)Af (μ) = Ae
for all μ ∈ U; where η : C → C is the complex conjugation. Set
f˜ (μη) := Af (μ), (μ ∈ U),
and note that the map f˜ is an analytic function on Uη since
lim
h→0
f˜ (μη + h) − f˜ (μη)
h
= lim
h→0 A
(
f (μ + hη) − f (μ)
hη
)
= Af ′(μ)
for all μ ∈ U, where f ′(μ) is the derivative of f at μ. This together with the definition of the local
spectrum give that σATA−1(Ae) ⊆ (σT (e))η . The reverse set-inclusion can be obtained by similarity,
and thus, when Ae and e are linearly dependent, we in fact have σATA−1(e) = (σT (e))η for all T ∈ L(X).
Conversely, assume that φ preserves and locally mirrors the local spectrum at e, but Ae and e are
linearly independent. Let T ∈ L(X) be an operator such that Te = e and TA−1e = 0, and note that
σATA−1(e) = {0} and σT (e) = {1}; which leads to a contradiction. 
We have now collected all the necessary ingredients and are therefore in a position to prove our
main result.
Proof of Theorem 2.1. Note that, by Lemma 2.5, the implications (iii) ⇒ (i) and (iii) ⇒ (ii) always
hold. So, we will only deal with the implications (i) ⇒ (iii) and (ii) ⇒ (iii).
Suppose thatφ compresses and locallymirrors the local spectrumat e. By Lemma2.3,φ compresses
and locally mirrors the surjectivity spectrum. Moreover, we claim that the map φ doses not annihilate
all rank-one idempotents; otherwise, let f ∈ X∗ be a linear functional such that 〈e, f 〉 = 1, and note
that (I + e ⊗ f )e = 2e and φ(e ⊗ f ) = 0. This shows that σI+e⊗f (e) = {2} and σφ(I+e⊗f )(e) =
σφ(I)(e) ⊆ σI(e) = {1}, and gives a contradiction; which yields the claim. Now by [7, Theorem 7],
either there exists a linear or conjugate linear bijective bounded operator A : X → X such that
φ(T) = ATA−1 for all T ∈ L(X), or X is reflexive and there exists a linear or conjugate linear bijective
bounded operator A : X∗ → X such that φ(T) = AT∗A−1 for all T ∈ L(X). By Lemma 2.5 and the
proof of [8, Lemma 5], the second form is excluded, and consequently φ takes only the first one with
Ae = λe for some nonzero λ ∈ C. Dividing A by λ or its complex conjugate λ if necessary, we may
assume that Ae = e, and thus the implication (i) ⇒ (ii) is established.
In view of [7, Corollary 8], the implication (ii) ⇒ (iii) is dealt with similarly; and the proof is
therefore complete. 
As a consequence, the following gives a characterization of additive continuous mappings from
L(X) onto itself that compress (expand) the local spectrum at a nonzero fixed vector in X .
Theorem 2.6. Let e be a fixed nonzero vector in X. For an additive continuous mapφ fromL(X) onto itself,
the following are equivalent:
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(i) σφ(T)(e) ⊆ σT (e) for all T ∈ L(X).
(ii) σφ(T)(e) ⊇ σT (e) for all T ∈ L(X).
(iii) There exists an invertible operator A ∈ L(X) such that Ae = e, andφ(T) = ATA−1 for all T ∈ L(X).
3. Additive mappings compressing convexified local spectrum
Let us recall the following useful facts that will be often used in the sequel. For T ∈ L(X) it is well
known that σT (x) ⊆ τT (x), and for λ ∈ C it is straightforward that τT (x) = {λ} for all nonzero vector
x in ker(λ− T) provided that T has the single-valued extension property. Here ker(λ− T) denotes the
kernel of the operator λ − T . We refer to [11] for more details about the convexified local spectrum.
The following is one of the purposes of this paper.
Theorem 3.1. Let e be a fixed nonzero vector in X. For an additive continuous mapφ fromL(X) onto itself,
the following statements are equivalent:
(i) For each T ∈ L(X) there exists a continuous ring homomorphismηT : C → C such that τφ(T)(e) ⊆
(τT (e))
ηT for all T ∈ L(X).
(ii) For each T ∈ L(X) there exists a continuous ring homomorphismηT : C → C such that τφ(T)(e) ⊇
(τT (e))
ηT for all T ∈ L(X).
(iii) There exists a linear or conjugate linear bijective bounded operator A : X → X such that Ae = e,
and φ(T) = ATA−1 for all T ∈ L(X).
Proof. It is easy to check that if the statement (iii) holds, then τATA−1(e) = τT (e) (resp. τATA−1(e) =
(τT (e))
η) for all T ∈ L(X) when A is linear (resp. conjugate linear). Here η : C → C denotes the
complex conjugation. Thus, the implications (iii) ⇒ (i) and (iii) ⇒ (ii) are established, and so we
will only show that (i) or (ii) implies (iii).
Assume that the statement (i) holds. The same argument as in the proof of the Lemma 2.3 together
with the upper semi-continuity of the spectrum (see [2, Theorem 3.4.2 ]) and the fact that σT (e) ⊆
τT (e) ⊆ σ(T) for every T ∈ L(X), yield that σsu(φ(T)) ⊆ (σ (T))ηT for all T ∈ L(X). On the other
hand, similar argument than the one given in the proof of Theorem 2.1 show that the map φ doses
not annihilate all rank-one idempotents, and thus, by [7, Theorem 7 and Remark], either there exists
a linear or conjugate linear bijective bounded operator A : X → X such that φ(T) = ATA−1 for all
T ∈ L(X), or X is reflexive and there exists a linear or conjugate linear bijective bounded operator
A : X∗ → X such that φ(T) = AT∗A−1 for all T ∈ L(X). By the proof of [8, Lemma 5], there exists
an operator T ∈ L(X) such that τAT∗A−1(e) = {1} but τT (e) = {0}, and thus the second form is
excluded, and consequently φ takes only the first one. Furthermore, Ae and e are linearly dependent
since otherwise, let f ∈ X∗ be a linear functional such that 〈e, f 〉 = 1 and 〈A−1e, f 〉 = 0, and note
that the operator A(e ⊗ f )A−1 has the single-valued extension property and satisfies τA(e⊗f )A−1(e) =
σA(e⊗f )A−1(e) = {0} but τe⊗f (e) = {1}; which is a contradiction. Hence, we may assume that Ae = e,
and the statement (iii) holds too.
The implication (ii) ⇒ (iii) is dealt with similarly; and the proof is complete. 
As a corollary, the following characterizes additive continuous maps from L(X) onto itself that
compress (expand) the convexified local spectrum at a nonzero fixed vector in X .
Corollary 3.2. Let e be a fixed nonzero vector in X. For an additive continuousmapφ fromL(X) onto itself,
the following are equivalent:
(i) τφ(T)(e) ⊆ τT (e) for all T ∈ L(X).
(ii) τφ(T)(e) ⊇ τT (e) for all T ∈ L(X).
(iii) There exists an invertible operator A ∈ L(X) such that Ae = e, andφ(T) = ATA−1 for all T ∈ L(X).
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Note that the maps φ studied in Theorems 2.1 and 3.1 preserve the local spectral radius at a fixed
nonzero vector e in X , ie., satisfy rφ(T)(e) = rT (e) for all T ∈ L(X). The following shows that these
maps are the only ones up to an unimodular scalar having this property, and extends [6, Theorem 3.2]
from the linear case to the additive case.
Theorem 3.3. Let e be a fixed nonzero vector in X. An additive continuous map φ from L(X) onto itself
preserves the local spectral radius at e if and only if there exist a scalar c of modulus one and a linear or
conjugate linear bijective bounded operator A : X → X such that Ae = e, and φ(T) = cATA−1 for all
T ∈ L(X).
Proof. Note that for every T ∈ L(X),
rcATA−1(e) = lim sup
n→∞ ‖AT
nA−1e‖ 1n = lim sup
n→∞ ‖AT
ne‖ 1n  lim sup
n→∞ ‖T
ne‖ 1n = rT (e).
Similarly, we have
rT (e)= lim sup
n→∞ ‖T
ne‖ 1n = lim sup
n→∞ ‖A
−1(cATA−1)ne‖ 1n  lim sup
n→∞ ‖(cATA
−1)ne‖ 1n = rcATA−1(e),
and so rcATA−1(e) = rT (e) for all T ∈ L(X); which establish the sufficiency condition. To prove the
necessity, assume that φ preserves the local spectral radius at e, and note that by using the same
approach as in [6, Theorem 3.2] one can see that φ is spectrally isometric, i.e., r(φ(T)) = r(T) for all
T ∈ L(X); where r(T) denotes the spectral radius of T . Therefore, by [3, Theorem 3.2], there exists a
scalar c ofmodulus one and either there exists a linear or conjugate linear invertible bounded operator
A : X → X such that φ(T) = cATA−1 for all T ∈ L(X), or there exists a linear or conjugate linear
invertible bounded operator A : X∗ → X such that φ(T) = cAT∗A−1 for all T ∈ L(X). This together
with the same argument given in the end of the proof of Theorem 2.1, one can see that φ takes only
the first form for which we may assume that Ae = e; and the proof is complete. 
Remark 3.4. When restricted to finite dimensional space, the above theorem remains true if we
replace L(X) byMn(C) with n  3.
Remark 3.5. The above theorem implies that additive mappings on L(X) which are local spectral
radius preserving at a fixed nonzero vector may well fail to are linear, and shows that the conjecture
[5, conjecture 2], that asserts that such maps are automatically linear, is too general to be true.
Finally, we close our paper with the following problem.
Problem 3.6. Can the assumption “continuous” be omitted in Theorems 2.1, 3.1 and 3.3 of this paper?
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